Rotation Matrices
Consider arotation of the coordinate axes of the x-y plane about the origin by an angle 6.

We are interested in finding the coordinates (x',y') of apoint as measured in the new
coordinate frame.
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We determine the transformation by the following constructions:
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The new x-coordinate is

X' = AB + BF Q)
The old x-coordinate

x=AC 2
By definition of the cosine,

cosé = AB = AB (©))

AC X

so that

AB = xcosf 4
Thus (use4inl)

X' = xcosO + BF (5)
Consider theright triangle ACG. Then because all of the anglesin atriangle sum to T,

angle AGC=rm/2-6 (6)
Thusin theright triangle BCG

angle GCB=rm/2-angle(AGC)=m/2-(m2- § =6 @)
Since BCisparale to PD

angle(EPC) = angle(GCB) =6 (8
From triangle EPC,
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snf=—=—=— 9
PC vy y
Thus
BF =ysin@ (20)
Substituting ( 10) into (5),
X' = xcosf +ysing (12)

Exer cise: Show that
y' =ycosf —xsinf (12

Combini ng equati ons (11) and (12) we have
[Xcos@ +ysinf] [cosf@ SNOTX

%/E %/cose xsnBE E—sme cos@%/g

The matrix
jcos@ sino[

R(@
(©0)= E—sne COSQE
is called arotation matrix.

Exer cise: Using a geometric argument, what is the rotation matrix that gives (x,y) in

termsof (x',y),i.e, try tofind S so that @@z S@%’)

Exercise: What is R(O)R(-6)
Exercise: Whatis R™! (theinverse of R(6))?

Now consider apoint P =(x,Y,2) in 3-dimensional space. Suppose we rotate the x-y
plane around the z-axis by an angle g and call the new coordinates (x',y,Z). Sincewe
are rotating about the z-axis, the value of z does not change, and the valuesof x' and y’'
are exactly the same as the ones we calculated above! Hence

X' = xcosf +ysing

y' =ycosf —xsinf

Z7 =z
We can also write thisin matrix form as
IX'0 [gecos@ snB O1XO xXd

E‘yD [-sin6 cos@ O%/D— RZ(E')S,/D
'O D 0 0 1rd

where
[Jcos@ snB O[]

RZ(Q):S—sinG cosf OB
o 0 10
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isthe rotation matrix for an angle 6 about the z axis.

Exer cise. Convince yourself that the rotation matrices for rotations about the x and y
axes are given correctly by
! 0 0O
R.(6) = Eb cosO sineg
[0 -sinf cos6U
Jcos@ 0 sinfQ
=t o 1 odU
R©) u . 0
[(+sn8 0 cos6l

Now consider the effects of compound rotations. suppose that we first rotate by a about
the z axis,
X' X0

yor@y]
' [ (0]

we then rotate by 3 about the x' axis, giving us athird set of coordinates (x",y",Z ).

X" X'
n D: s ID
SFRABY T
("0 [z 0
What is the relationship between the first and third set of coordinates?
X"O X' X0
" I:l: , 'D: , |:|
57 Re(B) 5 5= Re (AR E
("0 ('O [z

In general, the rotation matrix for aany sequence of rotationsis just the product of the
rotationsin the reverse order. Fortunately, due to atheorem by Euler, we rarely have to
multiply more than three rotation matrices together.

Euler’s Theorem.

(1) The most general rotation of arigid body (vector) with one point fixed is arotation
about some axis.

(2) Any sequence of rotations about the coordinate axes can be described by a single
rotation matrix which is the product of the individual rotation matrices.

(3) Any rotation can be described by a product of at most three rotations about successive
coordinate axes. The three angles are called Euler Angles.

Remark. There sequence of rotationsis not unique, i.e., you can get the same rotation in
severa different ways:

(a) A 3-1-3rotation: rotate by a about z, Sabout x' and y about z'

(b) A 1-2-3 rotation: rotate by a' about x, 3'about y', and y' about z"

etc.
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