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Math 462 Homework Exercises (corrected)
2 =3 : : .
L5 ) Find: (a) detM; (b) The eigenvalues of M; (c) The eigenvec-
tors of M; (d) The inverse of M
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(Text 1.1) Show that is a cube root of 1.

Find all z € C such that z* = 1.

Prove or disprove the following statement: C is a vector space over R.

Prove that
2N = (=N A 2T N
forall j =1,2,...
(Text 4.3) Let p(2),q(z) € P(F) with p(z) # 0 (the zero polynomial). We showed

(
in class that there exist polynomials s(z),r(z) € P(IF) such that

q(z) = s(2)p(z) +r(2) (1)

such that deg(r) < deg(p). Prove that this factorization is unique. Hint: to prove
uniqueness we assume that there are some other polynomials s'(z) and 7/(z) such
that q(2) = s'(2)p(z) +1'(z) with deg(r’) < deg(p) and then prove that this implies
that s(z) = s(z)" and r(z) = 7'(2) for all z.

Show that the span of any list of vectors in V is a subspace of V.

Show that span(vy, ..., v,) is the smallest subspace of V that contains all the vectors
in the list (vq,...,v,).

(Text 2.1) Prove that if (vy,...,v,) spans V then so does the list
(V1 — V2, V2 — U3, U3 — Vg, .., Up1 = Up, Uy) (2)

(Text 2.3) Suppose thet (vy,...,v,) is linearly independent in V and let w € V.
Prove that if (v; +w, ..., v, + w) is linearly dependent, then w € span(vy, ..., v,).

(Text 2.6) Prove that the real vector space consisting of all continuous real-value
functions on the interval [0, 1] is infinite dimensional.

(Text 2.8) Let U be the subspace of R® defined by
U = {(x1, 72,73, 74,75) € R°|1; = 329 A 13 = T4} (3)

Find a basis of U.
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(Text 2.11) Let V be a finite dimensional vector space; and let U be a subspace of
V with dim(U) = dim(V). Prove that U =V.

(Text 2.17) Let V be finite dimensional. Prove that if Uy, ..., U, are subspaces of
V with
V=U,&---&U, (4)

then
dimV =dimU; +---+dimU, (5)

Let V and W be vector spaces. Prove that £(V, W) is a vector space under addition
and scalar multiplication of linear maps.

(Text 3.7) Prove that if (vy,...,v,) spans V and T' € L(V, W) is surjective (onto),
then (Twvy,...,Tv,) spans W.

(Text 3.11) Let V and W be a vector spaces and let T' be a linear map, T' € L(V, W)
such that dimnull(7") < co and dimrange(7) < oo (i.e., the range and null space of
T are finite dimensional). Prove that dim(V) < oo, i.e., that V is finite dimensional
(Note: Theorem 3.4 in the text does not apply here. Why?)

(Text 3.15) Suppose that V is a finite dimensional vector space, and that T €
L(V,W). Prove that T is surjective (onto) if and only if ther exists an S € L(W,V)
such that T'S is the identity map on W.

(Text 3.22) Suppose that V is finite dimensional and that the S,T € L(V). Prove
that ST is invertible if and only if both S and 71" are invertible.

(Text 3.23) Let V be finite dimensional and 7" € L£(V). Use the result of the
previous exercise to prove that ST =1 < TS5 = 1.

(Text 5.5) Define T € L(F?) by T(w,z) = (z,w). Find all the eigenvalues and
eigenvectors of T

(Text 5.11) Suppose that S,7 € L(V). Show that ST and T'S have the same
eigenvalues.

(Text 5.14) Suppose that S,7 € L(V), and that S is invertible. Prove that if
p € P(F) is a polynomial then

p(STS™) = Sp(T)S™ (6)

(Text 5.15) Suppose that F = C, T' € L(V), p € P(C), and a € C. Prove that a is
an eigenvalue of p(7T') if and only if a = p(\) for some eigenvalue of T
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Let P,,(F) be the set of polynomials with coefficients in F. Prove that
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is an inner product.

lu+ ol® — flu—v|?

(Text 6.6) Let V be a real inner product space. Prove that (u,v) = 1

(Text 6.10). Let V = Py(R) and define the inner product as

@mzﬁpmmwm 8)

Let B = (1,x,2%). Apply the Gram-Schmidt process to B to find an orthonormal
basis.

(Text 6.24) Using the inner product defined in the previous problem, find a poly-
nomial ¢(z) € Py(R) such that p(1/2) = (p, q) for every p € Py(R).

(Text 6.28) Let T' € L(V) be an operator over V and let A € F. Prove that A is an
eigenvalue of 7' if and only if A is an eigenvalue of T™.

Let V = R? and define the operator T € L(V) as the 90-degree rotation operator
given by

I(z,y) = (-y, ) (9)
where z,y € R (i.e, z,y are the components of a vector in V. Show (a) that T is
normal and (b) 7" does not have any eigenvalues in R.

Find the polar decomposition of <i12 Ig) )

For M = (i12 105 ) (a) Find the singular values of M. (b) Find a singular value

decomposition of M.

Verify the Cayley-Hamilton Theorem for

M = (_21 _34) (10)
Let

1
M=10
1

O N =

1
1 (11)
2

Find (a) The eigenvalues; (b) The generalized eigenvectors; (c) The Jordan Form
of M.



