Math 326 Fall 2010

Homework Set Chapter 5

Solutions



5.1.7 Let A ={c¢,d, f,g9}, B=1{f,9}, and C = {d, g}.

(a) Is B C A? Yes, because every element of B is in A.
(b) Is C' C A? Yes, because every element of C is in A.
)

(
d

¢) Is C' C C7?7 Yes, because every element of C is in C.

is C' a proper subset of C? No, because there are no elements of C' that are not in C.

)
5.1.8 (a) Is 3 €{1,2,3}7 Yes
(b) Is 1 € {1}? Yes
)

(c) Is {2} € {1,2}7 No

(d) Is {3} € {1,{2},{3}}? Yes

(e) Is 1 € {1}7 Yes

(f) Is {2} C€{1,{2},{3}}? No, because 2 ¢ the set.
(g) Is {1} € {1,2}7 Yes

(h) Is 1 € {{1},2}? No

) Is {1} € {1,{2}}? Yes

j) Is {1} € {1}? Yes

[§]

1

5111 Let A={z€R|-3<z<0},B={zeR|-1<z<2},C={zeR6 <z <8}

d) AUC={zeR|-3<z<0V6<z<8}
(e) ANC =10
(f) B ={z eRjlz < -1V >2}

5.1.12 True or False

(a) ZT C Q True

(b) R~ C Q False

(c) Q C Z False

(d) Z= UZ" = Z False (missing 0)
(e) Z=NZ*" =0 True

(f) QNR=Q True

(g) QUZ =Q True

(h) Zt NR =Z" True

(i) ZUQ = Z False

C



5.1.29 Let A = {z,y,2,w} and B = {a, b}.

(a) Ax B={(z,a),(x,b),(y,a), (y,b), (z,0), (2,), (w, a), (w,b)}

(b) AxA={(z,2),(,9), (x,2), (,w), (4,2), (v, 9), (4, 2), (4, w), (2,7),(2,9), (2, 2), (2, w),
(w, ), (w,y), (w, ), (w,w)}

(¢) BxA={(a,2),(a,9),(a,2),(a

(d) B x B ={(a,a),(a;b),(

sw), (b,z), (b,y), (b, 2), (b,w)}
,(b,a), (b, D)}
5.1.32 Trace table:

i 1 2 3
j 1 2 13111234 5
found no yes no

answer | AC B AZB

5.1.33 Algorithm:
Input: al1], al2], . . . , aln] [a one-dimensional array],
x [an element of the same data type as

the elements of the array]

Algorithm Body:

i=1
answer = "x \not \in A"
while (i <= n and answer = "x \not \in A")
if x = a[i] then answer := "x \in A"
i=1i+1
end while

Output: answer [a string]



5.2.2

5.2.3

5.2.4

5.2.8

5.2.10

(a) Suppose A and B are sets. To show that A — B C A we must show that every element
in A— Bisin A. But any element in A — B is in A and not in B by the definition of
A-B. In particular, such an element is in A.

(b) Suppose that A and B are sets and z € A — B. We must show that x € A. By the
definition of set difference, x € A and x ¢ B. In particular, x € A, which is what was to
be shown.

Suppose that A, B,C are sets and that A C B and B C C. To show that A C C we must
show that every element of A is in C. By given any element of A, that element is in B
(because A C B), so that element is also in C' (because B C C'). Hence A C C.

Suppose that A and B are any sets and A C B. We must show that AU B C B. Let
x € AU B. We must show that z € B. By definition of union, x € A and x € B. In the
case x € A, then since C B, z € B. In the case z € B, then clearly x € B. So in either case
x € B, as was to be shown.

Use an element argument to prove that

(A-B)U(C-B)=(AUC)-B

Let z € (A— B)U (C — B).

Either z € (A— B) or z € (C — B).

Ifzr € A—Bthenx € AUC and x ¢ B. Hence by definition of set difference z € (AUC) —
Ifzr € C—Bthenz € AUC and x ¢ B. Hence by definition of set difference x € (AUC) —
Hence by generality (A — B)U(C —-B) C (AUC)—B

Now let z € (AU C) — B.

By definition of set difference x ¢ B.

Also by definition of set difference x € AU C.

B.
B.

By definition of union, either x € A or z € C.

If x € Athensincex ¢ B,z € A— B.

If x € C then since z ¢ C, x € C — B.

Since either z € A — B or z € C' — B by definition of union, x € (A — B) U (C — B).

By generality, (AUC)—- B C (A—-B)U(C — B).

Since we have already show (A — B) U (C — B) C (AU C) — B we can conclude that (A —
B)u(C—-B)=(AuC) - B.

Use an element argument to prove that for all sets A and B, AU (AN B) = A.

Let x € AU (AN B). Then by definition of union, either z € A or x € AN B. By the first
statement x € A, and generality, we conclude that AU (AN B) C A.

Let z € A. Then by definition of Union, z € AU(anything) and in particular, x € AU(ANDB).
Hence by generality, A C AU (AN B).

Hence A= AU (AN B).



5.2.14

5.2.17

Use an element argument to prove that if A C B then B¢ C AC.
Let z € BY. Then by definition of Complement z ¢ B.
Suppose A C B. Either z € Aor x & A.

If z € A then by definition of subset, x € B. But we know that = /nB. Hence this is not
possible. Hence it must be that z & A.

Hence z € A®. Since = was completely general, by generality we can extend this to any

element of B to conclude that every element of B® is in A®. Hence B¢ C A® | as required.

Use an element argument to show that for all sets A, B, C,

Ax (BNC)=(Ax B)n(AxC) (1)

Let x € Ax (BNC). Then x = (a,q) where a € A and ¢ € BNC.

Since ¢ € BN C, then ¢ = b for some b € B and g = ¢ for some ¢ € C.

Hence =z = (a,b) and x = (a, ¢).

Since x = (a,b) for some b € B, x € A x B.

Since x = (a,c) for some c€ C, x € A x C.

Since z € A x B and x € A x C, by the definition of intersection, x € (A x B) N (A x C).
By generalization A x (BNC) C (Ax B)N (A x ().

Now let z € (Ax B)N (A x C).

Then for some a € A, some b € B, and some ¢ € C, z = (a,b) and = = (a,c).

Hence = = (a,q) where ¢ € B and ¢ € C. Hence ¢ € BNC. Hence z € A x (BN C).
Hence by generality (A x B)N(Ax C)C Ax (BNCOC)

Hence Ax (BNC)=(AxB)N(AxC).



5.2.21

5.2.29

5.2.30

darkly shaded region is An( BUC) entire shaded region is (AnNB JU(ANC )
&
U
ab i
-
shaded region is ( AUB ,i'( cross-hatched region is A ﬂBL
d
U 5
G.B ‘I ;1‘ g
"I c o
shaded region is { A nas) entire shaded region is A( UR"

For all sets A and B prove that if B C A® then AN B = .
Let A and B be sets with B C A€.
Suppose AN B = i.e., , suppose there is an element x in A N B.

Then by definition of intersection, z € A and z € B, But B C A® and so by definition of
subset, z € AC.

By definition of complement this means that x ¢ A.

Hence x € A and © ¢ A, which is a contradiction. Thus the proposition is false, and we
conclude that AN B = (.

For all sets A, B, and C, if A C B, and BN CQ then ANC = (.

Let A, B, and C be any sets such that A C B and B [ C = 0.

Suppose AN C # 0.

Then there is some element z in AN C.

By definition of intersection, z € A and = € C.

But by hypothesis A C B and since x € A then x € B.

Hence x € BN C.

Hence BN C # (). This is a contradiction so the assumption must be false.



5.3.2 Find a counterexample to to show that the following is false: For all sets A, B and C, if
AC Bthen AN (BNC) = 0.

Universe = {1, 2, 3,4}

A={1,2}
B=1{1,2,3}
C={2}

AN(BNO)Y ={1,2} n({1,2,3} n{2})¢
={1,2} n({2)°
={1,2} n({1,3,4}
= {1} #0

5.3.10 For all sets A, B,C, If A C B then AN B¢ = .
Proof. Let A and B be sets such that A C B.
Suppose that A N BC # 0.

Then 3z € An BC.

By definition of intersection, z € A and = € B°.
By definition of complement x ¢ B.

But A C B, so since x € A, then z € B.

This is a contradiction.

5.3.12 For all sets A and B, if AN B = () then A x B = ().
This is false.
Counterexample: A = {1,2}, B = {3}.
Then AN B = {.
Ax B=1{(1,3),(23)} # 0.
5.3.27 For all sets A,B,C, (A—B)—-C=A—-(BUCQC)

(A-B)—-C=(A-B)nc* set difference law
= (ANnBYnc’ set difference law
= AN (B°ncY) associative law
—An(BUO)“ De Morgan
=A—-(BUC) Set Difference Law

5.3.30 For all sets A and B, (B U (BY — A))Y =B

(BC U (BY — A)¢ = (B U(B“nA)¢ Set Difference Law
= (BY)Y n(BY n A9)“ De Morgan
= BN ((B)° U (A%)Y) Double Comp and DeMorgan (2nd Term)
=BN(BUA) Double Complement
=B Absorption



5.3.56 (skip)



